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This paper is mainly concerned with the Riemann problem for one-dimensional ideal
isentropic Magnetogasdynamics with transverse magnetic field. The existence and
uniqueness of the solutions of the Riemann problem are obtained constructively with
the characteristic method. Furthermore, we investigate the interactions of the elementary
waves.
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1. Introduction
It is well known that Magnetogasdynamics plays a very important role in studying engineering physics and many other
aspects ([1–7] and the references cited therein) and it is also an important example of the hyperbolic system’s theory. An
inviscid and perfectly conducting compressible fluid, subject to a transverse magnetic field, is described by
ρt + div(ρu) = 0,
(ρu)t + div(ρu⊗ u+ pI)− µrot H × H = 0,
ρE + 1
2
µH2

t
+ div(ρuE + up− µ(u× H)× H) = 0,
Ht − rot(u× H) = 0,
div H = 0,
p = f (ρ, S)
(1)
where ρ ≥ 0, u, p, S, B ≥ 0, µ, e and E = e + u22 denote the density, velocity, pressure, specific entropy, transverse
magnetic field, magnetic permeability, specific internal energy and the specific total energy, respectively. u = (u1, u2, u3) is
the velocity of the fluid in the direction of (x1, x2, x3),H = (H1,H2,H3) is the magnetic field in the direction of (x1, x2, x3)
and H = µB.
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For simplicity many authors impose an assumption B = kρ, where k is positive constant [8,9]. Hu and Sheng [8] studied
the inviscid and perfectly conducting compressible fluid which is described by the following conservation laws
τt − ux = 0,
ut +

p+ B
2
2µ

x
= 0,
E + B
2τ
2µ

t
+

pu+ B
2u
2µ

x
= 0,
(2)
where τ > 0 is the specific volume, and they obtained constructively the unique solution of its Riemann problem with the
characteristic method.
Raja Sekhar and Sharma [9] studied the one-dimensional unsteady simple flow of an isentropic, inviscid and perfectly
conducting compressible fluid, subject to a transverse magnetic field
ρt + (ρu)x = 0,
(ρu)t +

ρu2 + p+ B
2
2

x
= 0, (3)
where B = kρ and they constructively obtained the Riemann solution. Furthermore, they investigated the interactions of
the elementary waves.
In this paper, we will remove this assumption B = kρ and mainly consider the one-dimensional unsteady flow of an
isentropic, inviscid and perfectly conducting compressible fluid, subject to a transverse magnetic field for the magnetogas-
dynamic system
ρt + (ρu)x = 0,
(ρu)t +

ρu2 + p+ B
2
2

x
= 0,
(B)t + (Bu)x = 0,
(4)
where the pressure p is given by p = Aργ for a polytropic gas, A is a positive constant and γ is the adiabatic constant.
It is noticed that although the governing equations of magnetogasdynamics are more complex than conventional gas
dynamics systems, many results are similar except for contact discontinuity. Unlike conventional gas dynamics, where the
image of the contact discontinuity in the space (τ , ρ, u) is a straight line parallel to the τ -axis and the projection on the
plane (p, u) is a point, here the contact discontinuity is a plane curve in the space (B, ρ, u) and the projection on the plane
(ρ, u) is a straight line parallel to the ρ-axis. It induces that the solutions of the Riemann problem are more complex and
difficult than the conventional gas dynamics.
The Riemann problemof the conventional gas dynamicswere studied by lots of people ([10–14], etc.).While the results of
magnetogasdynamics flow are less than the conventional gas dynamics since the governing equations are highly nonlinear
and complex even though the flow is one-dimensional. The flow where the magnetic and velocity field are orthogonal
everywhere is a simple but important model. By this reduction, the system of one-dimensional magnetogasdynamics flow
is similar to the system of conventional gas dynamics [1,15].
In this paper we are concerned with the Riemann problem for (4) with the following initial data
U(x, 0) =

Ul = (Bl, ρl, ul), x < 0,
Ur = (Br , ρr , ur), x > 0, (5)
where Ul and Ur are two constant states. And we investigate the elementary waves containing the shock, rarefaction waves
and the contact discontinuity and their important properties. With the characteristic method, we obtain constructively the
existence and uniqueness of the solutions of the Riemann problem (4) and (5). Note that we should deal with the contact
discontinuity carefully. At last, we investigate the interactions of the elementary waves for (4) because they embody the
internal mechanism of this model.
The rest of this paper is organized as follows. Section 2 gives elementary waves and their properties for later discussions.
In Section 3 we mainly construct the Riemann problem for (4) and (5) with the characteristic method. In Section 4, the
interactions of the elementary waves containing the contact discontinuity when the initial data are three pieces of constant
states are considered and the solutions are constructed globally.
2. Elementary waves and their properties
The system (4) can be rewritten, when we consider a smooth solution, as1 0 0
u ρ 0
0 0 1

ρ
u
B

t
+
 u ρ 0u2 + pρ 2ρu B
0 B u
ρu
B

x
= 0, (6)
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with the characteristic equation (λ − u)

(λ− u)2 −

pρ + B2ρ

= 0. It defines the eigenvalues λ = u = λ0, λ =
u±

pρ + B2ρ = λ±. The three eigenvalues of (4) are real and distinct which shows that (4) is a strictly hyperbolic system. It
is easy to see that the characteristic fields λ± are genuinely nonlinear and the characteristic field λ0 is linearly degenerate.
2.1. Rarefaction waves
There are continuous piecewise smooth solutions of (4), which are of the form U
 x
t

, such that
U(x, t) =

Ul,
x
t
≤ λ±(Ul),
U
x
t

, λ±(Ul) ≤ xt ≤ λ±(Ur ),
Ur , λ±(Ur) ≤ xt .
(7)
If we set ξ = xt , the system (4) becomes
λdρ = d(ρu),
λd(ρu) = d

ρu2 + p+ B
2
2

,
λd(B) = d(Bu).
(8)
Besides the constant state solution (B, ρ, u) = const., it provides the forward or backward rarefaction waves
−→←−
R :

dρ
ρ
= dB
B
,
du = ±
pρ + B2ρ
ρ2
dρ.
(9)
It is easy to show that the curve
−→←−
R in the space (B, ρ, u) passing though Q0 = (B0, ρ0, u0) can be expressed as
−→←−
R (Q0) :

B = k0ρ,
u = u0 ±
 ρ
ρ0
pρ + B2ρ
ρ2
dρ,
(10)
where k0 = B0ρ0 .
From (10), we have the following lemma.
Lemma 2.1. Across
←−
R (Q0) (respectively
−→
R (Q0)), ρ ≤ ρ0, B ≤ B0, u ≥ u0 (respectively ρ ≥ ρ0, B ≥ B0, u ≥ u0) if and only if
the characteristic speed increases from the left state to the right state.
Proof. Without loss of generality we assume that Q0 is a left state. Since
dλ−
dρ
= −
pρ + B2ρ
ρ2
−
pρρ+k20
2

pρ + k20ρ
< 0,
we know that λ− is a decreasing function of ρ, which implies that λ−(ρ) ≥ λ−(ρ0).
Conversely, if λ−(ρ) ≥ λ−(ρ0), we have ρ ≤ ρ0 due to dλ−dρ < 0. From (10) we obtain B ≤ B0 and u ≥ u0. 
Now we may define the rarefaction waves
−→←−
R l(Q0) =
−→←−
R (Q0) ∩ (u > u0),
−→←−
R r(Q0) =
−→←−
R (Q0) ∩ (u < u0).
It is obvious that Qr ∈
−→←−
R l(Ql) is equivalent to Ql ∈
−→←−
R r(Qr). Qr can be joined to Ql from the right to the left, by a forward
or backward rarefaction wave if and only if Qr ∈
−→←−
R l(Ql). Denote the projection on the plane (B, ρ) or (u, ρ) by Ru or
−→←−
R B,
respectively.
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2.2. Discontinuity
For the system (4), the Rankine–Hugoniot (RH) jump conditions are
σ [ρ] = [ρu],
σ [ρu] =

ρu2 + p+ B
2
2

,
σ [B] = [Bu],
(11)
where [u] = ur − ul, etc.
By solving (11) we obtain two kinds of discontinuities as follows.
Contact discontinuity:
J :

σ = u,
[u] =

p+ B
2
2

= 0. (12)
Forward or backward discontinuity:
−→←−
S :

[ρ]
[B] =
[ρu]
[Bu] ,
[ρu] = ±[ρ]
ρu2 + p+ B22 
[ρ] .
(13)
It is easy to show that the curve
−→←−
S in the space (B, ρ, u), passing through Q0 = (B0, ρ0, u0), can be expressed as
−→←−
S (Q0) :

B = k0ρ,
u− u0 = ±(ρ − ρ0)

1
(ρ − ρ0)ρρ0

p+ B
2
2
− p0 − B
2
0
2

.
(14)
We have the following lemma.
Lemma 2.2. The entropy condition λ±(Br , ρr) < σ±(Br , ρr , Bl, ρl) < λ±(Bl, ρl) is equivalent to ul > ur , where (Br , ρr) is
located on Su(Ql).
Proof. From (8) and (11) we have
σ±(Br , ρr , Bl, ρl) = ±
pr + B2r2 + ρru2r − pl − B2l2 − ρlu2l
ρr − ρl ,
and
λ±(Br , ρr) = u±

pρ(ρr)+ B
2
r
ρr
, λ±(Bl, ρl) = u±

pρ(ρl)+ B
2
l
ρl
.
We only need to prove the equivalence between ul > ur and λ+(Br , ρr) < σ+(Br , ρr , Bl, ρl) < λ+(Bl, ρl)while the other
case can be studied similarly.
Since (Br , ρr) is located on Su(Ql), we have kl = kr by (10) and (14). If ul > ur , we have ρl > ρr and Bl > Br from (14). By
direct calculation we obtain
σ 2+ =
pl − pr
ρl − ρr +
k2r
2
(ρl + ρr)+ ρlu
2
l − ρru2r
ρl − ρr
> pρ(ρr)+ B
2
r
ρr
+ u2r + (ul + ur)
ρl(ul − ur)
ρl − ρr
> pρ(ρr)+ B
2
r
ρr
+ u2r + 2ur

ρl
ρr

pl − pr
ρl − ρr +
1
2
B2l − B2r
ρl − ρr
> pρ(ρr)+ B
2
r
ρr
+ u2r + 2ur

pρ(ρr)+ B
2
r
ρr
= λ2+(Br , ρr).
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On the other hand, we have
σ 2+ =
pl − pr
ρl − ρr +
k2l
2
(ρl + ρr)+ ρlu
2
l − ρru2r
ρl − ρr
< pρ(ρl)+ B
2
l
ρl
+ u2l + (ul + ur)
ρr(ul − ur)
ρl − ρr
< pρ(ρl)+ B
2
l
ρl
+ u2l + 2ul

ρr
ρl

pl − pr
ρl − ρr +
1
2
B2l − B2r
ρl − ρr
< pρ(ρl)+ B
2
l
ρl
+ u2l + 2ul

pρ(ρl)+ B
2
l
ρl
= λ2+(Bl, ρl).
Therefore, we have λ+(Br , ρr) < σ+(Br , ρr , Bl, ρl) < λ+(Bl, ρl).
Conversely, if we assume that λ+(Br , ρr) < σ+(Br , ρr , Bl, ρl) < λ+(Bl, ρl), we have
ur +

pρ(ρr)+ k2rρr < ul +

pρ(ρl)+ k2l ρl.
Thus, we get that ul > ur and ρl > ρr by Lemma 2.5. 
The discontinuity satisfying both the RH condition and the entropy condition is called a forward or backward shock.
From Lemma 2.2 we define the shock waves
−→←−
S l(Q0) =
−→←−
S (Q0) ∩ (u < u0),
−→←−
S r(Q0) =
−→←−
S (Q0) ∩ (u > u0).
It is obvious that Qr ∈
−→←−
S l(Ql) is equivalent to Ql ∈
−→←−
S r(Qr). Qr can be joined to Ql from the right to the left, by a forward
or backward shock wave if and only if Qr ∈
−→←−
S l(Ql). Denote the projection on the plane (B, ρ) and (ρ, u) by Su and
−→←−
S B,
respectively.
2.3. Properties of Elementary wave curves
Lemma 2.3. The curve
←−
R lB(Q0B) is convex and monotonic decreasing, while
−→
R rB(Q0B) is concave and monotonic increasing.
Proof. By (10), the curve
←−
R lB(Q0B) can be written as
u = u0 −
 ρ
ρ0

pρ + B2ρ
ρ
dρ, B = B0
ρ0
ρ. (15)
Differentiating the first equation in (15) with respect to ρ, we have
du
dρ
= −

pρ + k20ρ
ρ
< 0,
and
d2u
dρ2
= (3− γ )Aγ ρ
γ−1 + k20ρ
2ρ2

pρ + k20ρ
> 0,
for 1 < γ < 2. Therefore, the curve
←−
R lB(Q0B) is convex and monotonic decreasing.
Similarly, we can show that
−→
R rB(Q0B) is concave and monotonic increasing. 
Lemma 2.4. The projection of the curve J(Q0u) on the plane (B, ρ) is concave and monotonic decreasing.
Proof. From (12), it follows that
p+ B
2
2
= p0 + B
2
0
2
.
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Differentiating with respect to Bwe obtain dρdB = − Bpρ < 0, and subsequently,
d2ρ
dB2
= −p
2
ρ + B2pρρ
p3ρ
< 0,
which implies that the curve Ju(Q0u) is concave and monotonic decreasing. 
Lemma 2.5. The curve
−→
S rB(Q0B) is concave and monotonic increasing, while
←−
S lB(Q0B) is convex and monotonic decreasing.
Proof. We only prove the case for
−→
S rB(Q0B) since the other case can be studied similarly.
From (14) we have
u− u0 =

ρ − ρ0
ρρ0

p+ k
2
0
2
ρ2 − p0 − k
2
0
2
ρ20

.
Differentiating with respect to ρ we get
du
dρ
= 1
2

ρ−ρ0
ρρ0

p+ k202 ρ2 − p0 −
k20
2 ρ
2
0

p+ k202 ρ2 − p0 − k202 ρ20
ρ2
+ ρ − ρ0
ρρ0
(pρ + k20ρ)
 > 0,
for ρ > ρ0, and subsequently,
d2u
dρ2
= f1 + k
2
0f2 + k40f3
4

ρ−ρ0
ρρ0

p+ k202 ρ2 − p0 −
k20
2 ρ
2
0
 3
2
, (16)
where
f1 = 2ρ − ρ0
ρ4ρ0
(p− p0)(γ − 2)p+ 4ρ − ρ0
ρ4ρ0
(p− p0)p0
− (p− p0)
2
ρ4
+

ρ − ρ0
ρρ0
2
γ A2(γ − 2)ρ2(γ−1) − 2

ρ − ρ0
ρρ0
2
pρρp0, (17)
f2 =

ρ − ρ0
ρρ0
2 
(γ − 2)pρ0(ρ + ρ0)
ρ2
+ 2ρ0
ρ

p− p0
ρ − ρ0 ρ
2
0 + p0(ρ + ρ0)

− p− p0
ρ − ρ0
ρ20 (ρ + ρ0)
ρ2
+ (γ − 1)(γ − 2)p− pρρρ20 − 2p0

, (18)
f3 = ρ − ρ0
ρ4
ρ0(ρ
2 − ρ20 )−
(ρ2 − ρ20 )2
4ρ4
− (ρ − ρ0)
2
ρ2
. (19)
From (17) we have
f1 =

ρ − ρ0
ρρ0
2 1
ρ2

2(γ − 2)p p− p0
ρ − ρ0 ρ0 + 4p0
p− p0
ρ − ρ0 ρ0 −

p− p0
ρ − ρ0
2
ρ20 + γ (γ − 2)p2 − 2γ (γ − 1)pp0

=

ρ − ρ0
ρρ0
2 1
ρ2
γ ρ¯γ−1ργ+10

2(γ − 2)

ρ
ρ0
γ
+ 4
− γ

ρ¯
ρ0
γ−1
+ (γ − 2)

ρ
ρ¯
γ−1 
ρ
ρ0
γ+1
− 2(γ − 1)

ρ
ρ¯
γ−1
ρ
ρ0

<

ρ − ρ0
ρρ0
2 1
ρ2
γ ρ¯γ−1ργ+10 [2(γ − 2)+ 4− γ + (γ − 2)− 2(γ − 1)] = 0, (20)
for 1 < γ ≤ 2, where ρ¯(ρ0 < ρ¯ < ρ) satisfies pρ(ρ¯) = p−p0ρ−ρ0 .
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(18) can be reduced to
f2 =

ρ − ρ0
ρρ0
2  p− p0
ρ − ρ0
ρ20 (ρ0 − ρ)
ρ2
+ p0

ρ0(ρ + ρ0)
ρ2
(γ − 2) p
p0
+ 2ρ0(ρ + ρ0)
ρ2
+ (γ − 1)(γ − 2) p
p0
− γ (γ − 1)ρ
γ−2
ρ
γ−2
0
− 2

<

ρ − ρ0
ρρ0
2
p0

ρ0(ρ + ρ0)
ρ2
(γ − 2)+ 2ρ0(ρ + ρ0)
ρ2
+ (γ − 1)(γ − 2)− γ (γ − 1)− 2

<

ρ − ρ0
ρρ0
2
p0[γ + (γ − 1)(γ − 2)− γ (γ − 1)− 2] < 0, (21)
for 1 < γ ≤ 2.
From (19) we get
f3 <
(ρ − ρ0)2
ρ4
(ρ0(ρ + ρ0)− ρ2) < 0. (22)
Combining (16) and (20)–(22), we obtain d
2u
dρ2
< 0. The proof is complete. 
Lemma 2.6.
−→←−
R B(Q0B) contacts with
−→←−
S B(Q0B) at Q0B up to the second order respectively.
Proof. Weonly check that
−→
R rB(Q0B) contactswith
−→
S rB(Q0B) atQ0B up to the second order for the other cases can be checked
similarly.
From (14) we get
(u− u0)2 = ρ − ρ0
ρρ0

p+ B
2
2
− p0 − B
2
0
2

.
Differentiating with respect to ρ we get
du
dρ
= 1
2(u− u0)
p+ k202 ρ2 − p0 − k202 ρ20
ρ2
+ ρ − ρ0
ρρ0
(pρ + k20ρ)
 , (23)
and
d2u
dρ2
= 1
2(u− u0)
2 (pρ + k
2
0ρ)ρ −

p+ k202 ρ2 − p0 −
k20
2 ρ0

ρ3
+ ρ − ρ0
ρρ0
(pρρ + k20)− 2

du
dρ
2 . (24)
Letting ρ → ρ0 in (23) we obtain that
du
dρ
=

pρ + k20ρ
ρ
holds at Q0B along
−→
S rB(Q0B). Thus, using Lemma 2.3, we have
lim
ρ→ρ0
du
dρ
−→
S rB(Q0B)
= lim
ρ→ρ0
du
dρ
−→
R rB(Q0B)
.
Similarly, letting ρ → ρ0 in (24), we get
d2u
dρ2
= 1
2 dudρ

2
(pρρ + k20)ρ2 − 3(pρ + k20ρ)ρ
ρ4
+ pρρ + k
2
0
ρ2
− 4 du
dρ
d2u
dρ2

.
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So
d2u
dρ2
= (pρρ + k
2
0)ρ − 2(pρ + k20ρ)
2ρ3 dudρ
= − (3− γ )Aγ ρ
γ−1 + k20ρ
2ρ2

pρ + k20ρ
holds at Q0B along
−→
S rB(Q0B). Thus, using Lemma 2.3 again, we have
lim
ρ→ρ0
d2u
dρ2
−→
S rB(Q0B)
= lim
ρ→ρ0
d2u
dρ2
−→
R rB(Q0B)
.
The proof is complete. 
3. Solution construction of the Riemann problem
Based on the above results, we are ready to construct the Riemann solution for (4) and (5). From the properties of the
elementary waves, there is no asymptote for both
←−
S and
−→
S while both
←−
R and
−→
R intersect the u-axis. Since the image
of J in the space (B, ρ, u) is a plane curve and its projection on the plane (ρ, u) is a straight line parallel to the ρ-axis, we
construct the solution of Riemann problem as follows.
Denote
←−
W lB(QlB) = ←−R lB(QlB) ∪←−S lB(QlB) and −→W rB(QrB) = −→R rB(QrB) ∪ −→S rB(QrB). Draw←−W lB(QlB) from QlB in the plane
(ρ, u) and
−→
W rB(QrB) from QrB. According to the properties of
←−
W lB(QlB) and
−→
W rB(QrB), they intersect with each other at
most once. Therefore, there are five cases:
←−
W lB(QlB) ∩ −→W rB(QrB) = (←−R lB(QlB) ∩ −→R rB(QrB)) or (←−S lB(QlB) ∩ −→R rB(QrB)) or
(
←−
R lB(QlB) ∩ −→S rB(QrB)) or (←−S lB(QlB) ∩ −→S rB(QrB)) or ∅.
For the last case, we easily know there is a vacuum solution. In what follows, we just need to consider the first case since
the other cases can be studied similarly.
Suppose
←−
W lB(QlB) ∩ −→W rB(QrB) =←−R lB(QlB) ∩ −→R rB(QrB) = {Q∗B}, we know there exists (ρ∗, u∗) satisfying
u∗ = ul −
 ρ∗
ρl

pρ + k2l ρ
ρ
dρ, u∗ = ur +
 ρ∗
ρr

pρ + k2rρ
ρ
dρ, (25)
where kl = Blρl and kr = Brρr .
Denote
f1(ρ1) =

ul −
 ρ1
ρl

pρ + k2l ρ
ρ
dρ, ρ ≤ ρl,
ul −

ρ1 − ρl
ρ1ρl

p1 + k
2
l
2
ρ21 − pl −
k2l
2
ρ2l

, ρ > ρl,
(26)
f2(ρ2) =

ur +
 ρ2
ρr

pρ + k2rρ
ρ
dρ, ρ ≤ ρr ,
ur +

ρ2 − ρr
ρ2ρr

p2 + k
2
r
2
ρ22 − pr −
k2r
2
ρ2r

, ρ > ρr ,
(27)
g1(ρ1) = p1 + k
2
l
2
ρ21 , (28)
g2(ρ2) = p2 + k
2
r
2
ρ22 . (29)
Let 
f1(ρ1) = f2(ρ2),
g1(ρ1) = g2(ρ2). (30)
We will prove that (30) has a unique solution, which implies that there exists a unique contact discontinuity J joining
the two states which are located on
−→←−
R and
←−−→
S respectively (see Fig. 3.1).
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Fig. 3.1. The elementary waves in the (ρ, u) plane.
Fig. 3.2. Construction of the Riemann solution of Subcase 2.1 ur ≥ f1(0).
According to the arguments in the previous section, we know that f1(ρ1) and f2(ρ2) are smooth functions, and the
curve ρ2 = ρ2(ρ1) defined by f1(ρ1) = f2(ρ2) is monotonically decreasing, while the curve ρ2 = ρ2(ρ1) defined by
g1(ρ1) = g2(ρ2) ismonotonically increasing. Therefore,we obtain the uniqueness of the solution of (30). Nextwe investigate
the existence of the solution of (30).
From (25) we have f1(ρ∗) = f2(ρ∗), and we proceed as follows.
Case 1. kl = kr . It is equivalent to g1(ρ∗) = g2(ρ∗). It is obvious that ρ1 = ρ2 = ρ∗ is the solution of (30).
Case 2. kl > kr . It is equivalent to g1(ρ∗) > g2(ρ∗). So we should look for a solution in (ρ1, ρ2) : ρ1 < ρ∗, ρ2 > ρ∗. We
define ρˆ1 and ρˆ2 satisfying f1(ρˆ1) = ur and f1(0) = f2(ρˆ2), respectively.
Subcase 2.1 ur ≥ f1(0). (Fig. 3.2.) Obviously we have g1(0) < g2(ρˆ2) and ρ∗ < ρˆ2 < ρr . Since the curves f1(ρ1) and f2(ρ2) are
smooth, from themethod of continuity, there exists (ρ¯1, ρ¯2) satisfying 0 < ρ¯1 < ρ∗, ρ∗ < ρ¯2 < ρˆ2 such that f1(ρ¯1) = f2(ρ¯2)
and g1(ρ¯1) = g1(ρ¯1). Thus, (ρ¯1, ρ¯2) is the solution of (30).
Subcase 2.2 ur < f1(0). (Fig. 3.3.)
Subcase 2.2.1 g2(ρr) = g1(ρˆ1). It is obvious that (ρˆ1, ρr) is the solution of (30).
Subcase 2.2.2 g2(ρr) < g1(ρˆ1). Since f ′2(ρ2) > 0, ur = f2(ρr) < f1(0) and the curve f2(ρ2)(ρ > ρl) has no asymptote,
there exists ρˆ2 : ρˆ2 > ρr such that f2(ρˆ2) = f1(0). On the other hand, g1(ρˆ2) > g1(0) holds obviously. Since the curves
f1(ρ1) and f2(ρ2) are smooth, from the method of continuity, there exists (ρ¯1, ρ¯2) : 0 < ρ¯1 < ρˆ1, ρr < ρ¯2 < ρˆ2 such that
f1(ρ¯1) = f2(ρ¯2) and g1(ρ¯1) = g1(ρ¯1). Thus, (ρ¯1, ρ¯2) is the solution of (30).
Subcase 2.2.3 g2(ρr) > g1(ρˆ1). Similarly, we know that there exists (ρ¯1, ρ¯2) : ρˆ1 < ρ¯1 < ρ∗, ρ∗ < ρ¯2 < ρr such that
f1(ρ¯1) = f2(ρ¯2) and g1(ρ¯1) = g1(ρ¯1).
Case 3. kl < kr . Similar discussions as Case 2 and for simplicity we omit them here.
Denote U¯l = (B¯l, ρ¯l, u¯l) and U¯r = (B¯r , ρ¯r , u¯r) as respectively the left state and the right state of the contact discontinuity
J , then U¯l ∈ ←−W l(Ql) and U¯r ∈ −→W r(Qr). Let p¯l = p¯1 and p¯r = p¯2 and we can determine τ¯l, u¯l, and τ¯r , u¯r using the expressions
of
←−
R (Ql),
←−
S (Ql) and
−→
R (Qr),
−→
S (Qr), respectively. Now we can construct the solution of our Riemann problem.
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Fig. 3.3. Construction of the Riemann solution of Subcase 2.2 ur < f1(0).
For Case 1, the Riemann solution contains a rarefaction wave
←−
R connecting Ul with U∗ and a rarefaction wave
−→
R
connecting U∗ with Ur . And for Case 2, the Riemann solution contains a rarefaction wave
←−
R connecting Ul with U¯l, a contact
discontinuity J connecting U¯l with U¯r and a rarefaction wave
−→
R or a shock wave
−→
S connecting U¯r with Ur .
Based on the above results, we have our main theorem.
Theorem 3.1. There exists a unique solution for the Riemann problem (4) and (5).
4. Interaction of elementary waves
Next we investigate the interactions of the elementary waves obtained from the Riemann problem (4) and (5). Consider
the Eqs. (4) with the following initial data
(B, ρ, u)(x, 0) =

(Bl, ρl, ul), −∞ < x ≤ x1,
(Bm, ρm, um), x1 < x ≤ x2,
(Br , ρr , ur), x2 < x <∞,
(31)
for arbitrary x1, x2 ∈ R.
In the present paper we just consider the interactions of the shock wave with the contact discontinuity. For convenience
and conciseness, we denote J by
<
J when ρl < ρr , and
>
J when ρl > ρr .
Case (i)
−→
S
>
J .
Since
−→
S rB(Qr) : u = ur +

ρ − ρr
ρρr

p+ B
2
2
− pr − B
2
r
2

,
−→
S mB(Qm) : u = um +

ρ − ρm
ρρm

p+ B
2
2
− pm − B
2
m
2

,
where B = Br
ρr
ρ, B = Bm
ρm
ρ and um = ur , pm + B2m2 = pr + B
2
r
2 . From Lemma 2.4, we have ρm > ρr ⇔ Bm < Br ; it follows that
the curve
−→
S rB(Qr) always lies above the curve
−→
S mB(Qm). Thus,
−→
S rB(Qr) intersects
←−
R lB(Ql) at Q∗B where a new Riemann
problem is formed. In order to construct the solution of this new Riemann problem, we discuss it as follows.
Case 1. kl

= Bl
ρl

> kr

= Br
ρr

.
This means p∗l + B
2∗l
2 > p∗r + B
2∗r
2 , where B∗l = klρ∗l, B∗r = krρ∗r . If there exists a contact discontinuity (ρ¯1, ρ¯2) of the
new Riemann problem, it must hold that
p¯1 + B¯
2
1
2
= p¯2 + B¯
2
2
2
, (32)
where ρ¯1 < ρ∗ < ρl, ρ¯2 > ρ∗ > ρr .
It is obviously satisfied since 0 < ρ˜2 + B˜
2
2
2 , where ρ˜2 is determined by u←−R lB(Ql)(0) = u−→S rB(Qr )(ρ˜2), i.e., we choose ρ˜2 such
that the value of u along the curve
−→
S rB(Qr) as ρ = ρ˜2 equals the value of u along the curve←−R lB(Ql) as ρ = 0. Thus, it can
be shown that
−→
S
>
J →←−R <J −→S .
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Fig. 4.1. Wave interaction of Case 3. kl < kr in Case (i).
Case 2. kl = kr . There is no contact discontinuity of the new Riemann solution. The state Ql is connected to the state Qr by
the state Q∗ directly and we obtain
−→
S
>
J →←−R −→S .
Case 3. kl < kr . This means that p∗l + B
2∗l
2 < p∗r + B
2∗r
2 , where B∗l, B∗r is the same as the above. In view of ul > ur , if there is a
contact discontinuity (ρ¯1, ρ¯2) of the solution, (32) holds and ρ¯1 > ρ∗, ρ¯2 < ρ∗ (Fig. 4.1.).
Subcase 3.1 p(ρˆ2) + Bˆ
2
2
2 < p(ρl) +
B2l
2 , where ρˆ2 is determined by ul = u−→S rB(Qr )(ρˆ2). Therefore the solution lies between ul
and u∗ and
−→
S
>
J →←−R >J −→S .
Subcase 3.2 p(ρˆ2)+ Bˆ
2
2
2 > p(ρl)+
B2l
2 . On the other hand, we have
p(ρr)+ B
2
r
2
< p(ρ˜1)+ Bˆ
2
1
2
(33)
where ρˆ1 is determined by u←−S lB(Ql)(ρˆ1) = ur . In fact, due to pm +
B2m
2 = pr + B
2
r
2 ,
um = ur = u(ρˆ1) = ul −
 ρˆ1 − ρl
ρˆ1ρl

p(ρˆ1)+ Bˆ
2
1
2
− pl − B
2
l
2

,
and
um = ul −

ρl − ρm
ρlρm

pl + B
2
l
2
− pm − B
2
m
2

,
where ρˆ1 > ρl > ρm, we obtain that
p(ρˆ1)+ Bˆ
2
1
2
> pl + B
2
l
2
> pm + B
2
m
2
= pr + B
2
r
2
,
that is to say, (33) holds.
Hence
−→
S
>
J →←−S >J −→S .
Similarly, the interaction between
<
J and
←−
S can also be obtained and here omitted.
Theorem 4.1. When a shock collides with a contact discontinuity which is of a jump decrease in density in the propagating
direction of the shock, the shock will cross the contact discontinuity and after the interaction the contact discontinuity may appear
or disappear. Furthermore, a new rarefaction wave or a new shock wave propagating in the opposite direction will appear.
Case (ii)
−→
S
<
J . Similar discussions as the above case, it yields that the curve
−→
S mB(Qm) always lies above the curve
−→
S rB(Qr).
Thus, there exists an intersection pointQ∗B between
←−
S lB(Ql) and
−→
S rB(Qr) andwe construct the solution of the newRiemann
problem as follows.
Case 1. ρˆ1 ≥ ρr , where ρˆ1 satisfies ur = u←−S lB(Ql)(ρˆ1) (Fig. 4.2.).
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Fig. 4.2. Wave interaction of Case 1. ρˆ1 ≥ ρr in Case (ii).
Fig. 4.3. Wave interaction of Case 2. ρˆ1 < ρr in Case (ii).
Subcase 1.1 kl > kr .
This means that p∗l + B
2∗l
2 > p∗r + B
2∗r
2 . If there exists a contact discontinuity (ρ¯1, ρ¯2) of the new Riemann problem, (32)
must hold.
Subcase 1.1.1 p(ρl)+ B
2
l
2 < p(ρˆ2)+
Bˆ22
2 , where ρˆ2 is determined by
ul = u−→S rB(Qr )(ρˆ2). (34)
Therefore the solution lies between ul and u∗ and
−→
S
<
J →←−S <J −→S .
Subcase 1.1.2 p(ρl) + B
2
l
2 > p(ρˆ2) +
Bˆ22
2 . On the other hand, 0 < p(ρ˜2) +
B˜22
2 holds obviously, where ρ˜2 is determined by
u←−R lB(Ql)(0) = u−→S rB(Qr )(ρ˜2). It follows that there exists (ρ¯1, ρ¯2)which lies between ul and u←−R lB(Ql)(0) and
−→
S
<
J →←−R <J −→S .
Subcase 1.2 kl = kr . There is no contact discontinuity of the new Riemann solution and we obtain−→S
<
J →←−S −→S .
Subcase 1.3 kl < kr .
This means that p∗l + B
2∗l
2 < p∗r + B
2∗r
2 . On the other hand, it is evident that
pr + B
2
r
2
= pm + B
2
m
2
< p(ρˆ1)+ Bˆ
2
1
2
.
It yields that there exists (ρ¯1, ρ¯2) : ρ∗ < ρ¯1 < ρˆ1, ρr < ρ¯2 < ρ∗ such that (32) holds. Thus, we have−→S
<
J →←−S >J −→S .
Case 2. ρˆ1 < ρr (Fig. 4.3.).
Subcase 2.1 kl > kr . This means that p∗l + B
2∗l
2 > p∗r + B
2∗r
2 .
Obviously we have
p(ρˆ1)+ Bˆ
2
1
2
> pm + B
2
m
2
= pr + B
2
r
2
.
It follows that there is no solution between u∗ and ur .
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Subcase 2.1.1 p(ρl)+ B
2
l
2 < p(ρˆ2)+
Bˆ22
2 , where ρˆ2 satisfies (34). Thus, the solution lies between ul and ur and
−→
S
<
J →←−S <J −→S .
Subcase 2.1.2 p(ρl)+ B
2
l
2 > p(ρˆ2)+
Bˆ22
2 . The solution lies between 0 and ul and
−→
S
<
J →←−R <J −→S .
Subcase 2.2 kl = kr . There is no contact discontinuity of the new Riemann solution and we obtain−→S
<
J →←−S −→S .
Subcase 2.3 kl < kr . This means that p∗l + B
2∗l
2 < p∗r + B
2∗r
2 .
It is obvious that 0 < p(ρ˜1) + B˜
2
1
2 , where ρ˜1 satisfies u−→R rB(Qr )(0) = u←−S lB(Ql)(ρ˜1). Therefore there exists (ρ¯1, ρ¯2) : ρ∗ <
ρ¯1 < ρ˜1, 0 < ρ¯2 < ρ∗ such that (32) holds. And it follows that
−→
S
<
J →←−S >J −→R .
Similarly, the interaction between
>
J and
←−
S can be investigated and omitted for simplicity.
Theorem 4.2. When a shock collides with a contact discontinuity which is of a jump increase in density in the propagating
direction of the shock, the shockwill cross the contact discontinuity or a new rarefactionwavewill appear, and after the interaction
the contact discontinuity may appear or disappear. Furthermore, a new shock wave or a new rarefaction wave propagating in the
opposite direction will appear.
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